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ABSTRACT

This paper investigates the issue of linear stability analysis for two and three level explicit and implicit
one-dimensional finite different numerical schemes. A new approach which is based on the von Neumann
method is presented. This approach was validated by testing some popular numerical schemes.
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INTRODUCTION

As is well known, a numerical method is useless if the method will not converge to the differential
equation. To prove convergence for nonlinear systems of equations is currently impossible for
most cases. For the simpler case of a scalar equation, particularly the linear scalar equation, the
analysis is possible. Although linear convergence is not a sufficient condition for guaranteeing
nonlinear convergence, it is still a necessary condition to achieve nonlinear convergence. To
prove convergence, there is a fundamental Lax equivalence theory! for linear finite difference
methods, which declares that for a consistent linear method stability is necessary and sufficient
for convergence. Here linear convergence is obtained by two sequential conditions: one, the
numerical method has to be consistent with the PDE simulated; two, the numerical method has
to be stable for, at least, smooth intitial data. The numerical methods concerned in the paper
are consistent methods. Therefore, all that is left to prove convergence is proving that these
methods are linearly stable.

At present, there are several techniques available to analyse linear stability. This includes the
discrete perturbation method, the Hirt method, the matrix method and the von Neumann
method?34, Details of these methods can also be found in Reference 5. Comparing with other
techniques the von Neumann method is the most widely applied technique. However, it is by
no means an easy task, using these methods, to analyse linear stability even for one-dimensional,
constant coefficient, initial value problems. For a numerical scheme generated from a complex
high-order PDE or for a numerical method which has more than second-order accuracy, the
linear stability analysis can be extremely complicated when applying these techniques. Normally,
quite tedious and complicated algebraic functions or matrices will be encountered, which are
either very difficult to analyse or even impossible to manipulate. Often, numerical schemes cannot
be applied because of lack of stability information. Obviously, a simple and reliable method for
proving linear stability is desired.

In this paper we investigate this issue and develop an approach to the linear stability analysis
in a simple manner.
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LINEAR STABILITY ANALYSIS

In this section we restrict our study to the initial value problem (IVP) for the simplest case of
one dimensional scalar linear PDEs with the smooth initial data.

We discretise the computational half plane by choosing a uniform mesh with a cell width
h=Ax, a time step k=At and define the computational grid x;= jh, t,=nk. We use U} to denote
the computed approximation to the exact solution u(x;, t,) of the PDEs.

A new approach for linear stability analysis
For one dimensional linear finite difference numerical methods with smooth initial data,
Y. Bpti U}Ik‘m:Z BiUjpn+ Y Bii Ui §)]
kn ku—l

kn+t

if the amplification coefTicient | A(6)| of the scheme is a monotone (increases or decreases) function,
ie. (A(O)A0)) =0 (or <0), with respect to 8 in the interval {0, ], then the linear stability conditions
of the scheme can be determined from,
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For pure odd grid point or pure even grid point finite difference numerical schemes if the
amplification coefficient is a concave or convex function, i.e. [A(0)]”" =0 (or <0), in the interval
[0, ], then an additional stability condition of the scheme is required,
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here,
. . K
sign"=sin X VY odd number k*
)

n

sign"=cos V even number k*

where k” are the integer grid point numbers at time level n; B;. are constant coefficients; A(6) is
the amplification factor of the numerical scheme; A(0) is the conjugate of the A(f). To achieve
stability,

12l<1 (6)

If the amplification coefficient does not satisfy the conditions above, then the stability conditions
can be defined by investigation of those phase angles at which the amplification coefficient has
extreme values.

Proof
The von Neumann method (Fourier Series method) is based on assuming that,

Us=Aj eflitx )
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where A} is the amplitude at time level n; L is the wave number in x-direction, L=2n/t, t is

the wavelength; i is the complex number, i=./—1.
Considering the general form of linear numerical methods of (1), from (7) we have,

U?Ikl"“=A’[l,+l el'L(i+k"+')Ax
U;-H(": n iLU'+k")Ax (8)
+k . An 1 lL(J'H(" HAx
JHEn-t =
Substituting (8) into (1),
Z B;(l';t}AIII"f'leiL(ji'k"*')Ax:z B:"Arll‘el'l.(j+k")Ax Z Bkn—lA" 1 lL(j+k" hAx (9)
kn+l kn

Dividing both sides of (9) by 47 e174* and reorganizing it, we get the amplification factor at the
new time level,

n+1
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=7, +iy; (10)
Here 0 is the phase angle, =L Ax;
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where,
a, =B " cos k"*10
a,=B,""sink"*19
b,=B," cos k"0
b, =B, sin k"0
c;=B,""cos k"1
c,=B, 'sink""10

For a linear numerical method with smooth initial data, since the Courant number is constant,
therefore the amplification factors at different time levels are identical, i.e. A*=2""', From now
on we write A instead for simplicity.

The absolute value of the amplification factor | 4] is called amplifier coefficient. Obviously if
|A]> 1, the numerical method will not be stable, otherwise, it is stable. Therefore, for stability,

PIENAERTES | (13)

for all phase angles ranging from =0 to f=n.
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This is the normal approach of analysing the stability in practice using the Fourier method.
But, generally, (13) is very complicated algebrically, especially for high order numerical methods,
say, over second order. For a method over second order, |4| is very difficult to work out, or
even impossible to manipulate, Here, we are going to adopt a new approach.

The difficulty of analysing (13) lies in the phase angle 8 which covers the whole domain from
0 to = associated with all wave numbers. The question here is that as far as the stability of a
numerical scheme is concerned, is it necessary to analyse the whole range of the phase angles?
If not, which phase angle do we need to analyse? The instability of a numerical method is caused
by the unbounded fast accumulated amplitude error with the time evolution. To limit the
amplitude error we need first to find out at which phase angles the amplification coefficient have
the extreme values in the interval [0, n] (we called the angles which represent all turning point
angles and boundary point angles extreme value angles), and then it is sufficient to restrict these
values to less than or equal to 1 at these phase angles. In order to find the angles at which the
|2] has extreme values, first we need the first derivative of | 1] with respect to 0, i.e. | 1]’, then by
setting |A|" equals to zero the extreme value angles can be defined.

From (13) we have,

m,=?,v£+v.-v:-
NA-RS T
=0 (14)
Equation (14) is equivalent to
(7 +7i)y =0 (15)
or
(A0 =0 (16)
Here,
1 2 1 2
<Zk by+-Yx C:) +<Zk by+-3 Cz)
2 +yi= ’ : (17
Y (Cra)?+(Xxa)?
therefore,
02+ =20(E @ +(% a;ﬂ[(z bty % Cz)(zk”bﬁ%z k"-*cl)
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1 2 l 2
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x[Ya Y k"t ta =Y a, )y k" 1a,/[(Y a)* + (3 a,)*]? (18)

For 3-level explicit schemes (18) reduced to,
1 1 _ 1 1
('}’,2+'}’,2)'=2|:(Z bz +3Z Cz)(Z knbl +'}‘an lcl>—(z bl +3ZC1)(zk"b2_FZ kn_lCz)]
(19)
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For 2-level explicit schemes (18) is further reduced to,

7 +98) =2 b, 3 k"by =) by 3 k"by) (20)

By solving equation (15) the obvious Courant number-independent extreme value angles can be
easily defined. They are

0,=0 (21)
0,=n (22)
0, =-723 VY either odd or even k (23)

since when 0=0, n, a,, b,, and ¢, equal to zeros, therefore (y? +y2)' =0; when 6=n/2 a,, b,, ¢,
are zeros ¥V odd k and a,, b,, c, are zeros V even k, resulting in (y2 +y?)'=0.

Equation (23) means that for pure odd or even number grid point schemes the amplification
coefficient | 2| has a extreme value at phase angle 8 =n/2. For example, the Lax-Friedrichs scheme
which is a odd number point scheme has a extreme value angle at the angle 8=m/2.

There may be other Courant number-dependent extreme value angles between =0 and ==
depending on the solution of (15). However, there is one important category of schemes for
which the amplification coefficient is a monotone function, that means (A(6)4(6)) =0 (or <0)
¥ [0, z]. In this case, the extreme value angles must be either at =0 or at 8=r, in which cases
the linear stability analysis becomes very simple. Actually, as we will see later, large number of
useful finite difference numerical schemes fall into this category.

For pure odd or even grid point schemes if | A(6)}” =0 (or <£0) V [0, =], i.e. the function curve
of the amplification coefficient is either concave or convex, then the extreme value angle may
appear at 8=n/2. Hence we have the following criterion:

Criterion For finite different numerical schemes with smooth initial data it is necessary and
sufficient to investigate the linear stability at phase angles at which |A(f)] has extreme values in
the interval [0, «].

If (A(B)A(0)Y =0 (or <0) in the interval [0, n}, it is necessary and sufficient to investigate the
linear stability at the phase angle #=0 and §=r.

For pure odd or even grid point finite difference schemes if |2(6)|” =0 (or <0), it is necessary
and sufficient to investigate the linear stability at phase angle 8=0, §=7n and 8=mr/2.

Based on this criterion substituting =0, = and 0=m/2 into (10) we establish the new approach
introduced at the beginning of the section.

Equations (2) and (3) are the general form of amplification function which is valid for two
and three times levels, explicit and implicit numerical schemes. For convenience here we give
some specific schemes as follows.

3-level explicit schemes
If we consider 3-level explicit schemes

Ut =§, B} U}+,‘..+knz_l Byl Uj i 24)

then (2) and (3) become,
1= (= )¥Bp+; 3 (DR (9)
A== Bl (26)

kn-1
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2-level explicit schemes
If we consider 2-level explicit schemes,

U=y BLU" @7
k'l
then, (2) is further simplified to,
A=1=-2 Y o (28)
kn=11,%3,...
since Y., Bj=1 for consistency.
2-level implicit schemes
For 2-level implicit schemes,
Z. BitlU =Y, Bl 29
kn+ k’l

the amplification factor of equation (2) becomes,
Y (—)¥ B

}'=ZW. (—)F B 30)
2-level fully implicit schemes
For fully implicit schemes,
kZl Bphiunhi=Us (31)
The amplification factor has the following simple form,
2= ‘ (32)

1=2Y jnstm gy 43, Bptd
H n+1 _ H
since E o+t Binsi =1 for consistency.

Procedures of the new approach
The procedures of linear stability analysis using the new approach can be outlined as follows:

1. calculate the extreme value angles 6(c) using (15) with (18)-(20)

2. check whether or not the extreme value angles 6(c) function conform to the monotone
function requirements

3. if satisfy the requirements then the stability conditions can be defined applying (24)32)
(according to the scheme used)

4. if not. using (13) with (17), analyse stability conditions only at the extreme value angles
0(c) defined at stage one.

EXAMPLES OF STABILITY ANALYSIS

In this section we use some numerical schemes some of which the stability conditions are well
known to illustrate the procedures and test the stability approach.

Example 1. Modified Lax-Wendroff scheme
Consider the scheme,

c d
U;+1=U;.‘—'2—(U";+1—U;!_l)+'2'(U";+l—2U_';+ U;—l) (33)

here, ¢ is the Courant number, c=aAt/Ax, a is the wave spped, d is a variable.
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From (20) we have,
(2 +v3) =2[(c*—d*) cos 0—(1 —d)d] sin 0 (34)

Two special cases are casily defined from (34): when d = ¢? and d =|¢| the amplification coefficient
is monotone, since in these cases (34) keeps the same sign in the interval [0, ). In the former
case (33) becomes the second-order Lax-Wendroff scheme. From (28) the amplification factor s,

A=1-2c (35)
Therefore the stability condition is,
IA<1 forc]<1 (36)

This is identical to the familiar result. If the latter case (33) reduces to the first-order upwind
scheme. The scheme is stable for |¢| < 1.

For d being other values the || is not always a monotone function. Its behaviour is determined
by Courant number and d. In this case we need to find out the extreme value angle function
6(c) by setting (34) equal to 0, which gives,

(1—d)d

cos 0=
c2—-d?

(37

Bringing (37) into (13) we have,

|).|=\/%(l+cos 0)? +c?sin’ 0
_ [, a—ady? z[ _(gﬂ)z]
"\/4(”&—(12) +e| 1~ = (38)

Example 2. Leapfrog scheme
The leapfrog scheme for the scalar advection equation has the following form,
Uitt=U;" ' —cUy +cU} -, (39)

This is a 3-level explicit scheme. It is easy to prove that the scheme has extreme values at =0,
7, and n/2. Using (25) we have,

For stability |A|<1.

1
A=— 40
7 (40)
That is,
A2=1 (a1
From (26) we have
A=—1 (42)

From (4),

L= —c+./1+¢? (43)

Equation (41) and (42) mean |2|=1; (43) means || <1 for |c|>0. Actually this scheme is neutrally
stable for |c| < 1.

Example 3. Crank-Nicolson scheme

1 1 1
U;!“+%cU?II—ZCU?f1’=U3’—ZCU'}+1+;CU7—1 (44)
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This is a 2-level implitic scheme. The scheme has a monotone amplification coefficient function.

From (30),
_l4de—dc 45)
T i—dc+ic

i.e. |A|=1. This scheme is unconditionally stable.

Example 4. Lax-Friedrichs scheme

1 ¢ 1 ¢

This is a 2-level explicit odd point scheme. The scheme has a concave amplification coefficient
function, therefore we need to check both (28) and (4). From (28),

IA=1 @7
From (4),
|2]=lc| (48)

Therefore, this scheme is stable if |c| < 1.

Example 5. Fully discrete fourth-order scheme (see Reference 6)

1, s 1,1, 1, 1
U75+1= 14~ 4__ T 2 U _pd -3 L2 Us_
i ( 3 46) ’+(24C TS 126) =2
2 2 1 2,1, 2

1 1
+ —c+—cz——c3——c4>U"_ +<—c3+—c2——c"'———c) "
(3 37 6 6 m1T\6 37 6 3 )t

| 1 1 |

+| —c——c?—=c+—c* |U? 49

(12 24 12 24 ) j+2 (49)

This is a 2-level explicit fully discrete fourth-order both in space and time scheme. The scheme
has a monotone amplification coefficient. From (28) the amplification factor is,

8 2
A=1—=c*4+=c* 50
3 %3 (50)

which is plotted in Figure 1. The stability conditions of the scheme are,
—2<¢c<—173
—-1<e<l1 (51)
1.73<c2

Example 6. Explicit space-centred scheme for the model diffusion equation u,=vu,,
Uit'=(1-2d)U3+dU3,  +dU}_, (52)

here, the d is the diffusion number, d =vAt/(Ax)?; v is the viscous coefficient.
It has been proved that the scheme has a monotone amplification coefficient function. From
(28) the amplification factor,

A=1—4d (53)
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Figure I Amplification factor of the 5-point scheme for model advection equation
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Figure 2 Amplification factor of the 7-point scheme for model diffusion equation

The stable condition is,

A1 for ds% (54)

Example 7. Fully implicit scheme for the model diffusion equation
Again the scheme has a monotone function

(1+2d)Us* —dUI L —aUnt i =U" (55)
From (32),
j= 1 (56)
1+4d
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Since d is positive the scheme is unconditionally stable for d>0. We get the same conclusion
as that proved by using other techniques.

Example 8. Fully discrete seven point scheme for the model diffusion equation (see Reference 7)
10 14 49

" L (15 4 13, 3N
Uj+1=(1——3—d3+'§‘d2—-ﬁd)Uj+<€'d3'—‘zd2+’2_d)(Ui'l+Uf+1)

3 n n
+<d2_d3‘—‘% d)(UJ_2+UJ+2)
+<1d3—id2+id

6 12 90

This is a fully discrete explicit scheme which has sixth-order accuracy in space and third-order
in time. From (28) we have,

)(U;—3+U?+3) (57)

).=1—£d3+@d2—-27—2d (58)
3 3 45
For || <1, see Figure 2, the stability condition is,
0<d<085 (59)
CONCLUSIONS

In this paper we presented a linear stability analysis method for one dimensional numerical
schemes. To illustrate the method linear stability of a variety of numerical schemes is analysed.
This approach offers us a simple means to deal with linear stability study for 1-D finite difference
schemes.
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